In the second section we introduce the concept of topological and strong topological Morita dualities. As a main result, we show that every linearly compact ring possesses a topological Morita duality, and then we obtain several applications of this fact. For instance, we have that in a linearly compact ring every idempotent modulo the radical can be lifted, and hence every linearly compact ring whose factor ring by the radical is a simple artinian ring is a matrix ring over a local ring. On the other hand, we answer a question of Leptin in the affirmative by constructing a linearly compact ring which is not strictly linearly compact and for which the factor ring by the radical is the endomorphism ring of an infinite dimensional vector space. These results complete Leptin's theory of linearly compact primary rings.
In the third section we prove that every linearly compact ring has a finest equivalent topology; furthermore, every linearly topologized module over a linearly compact ring equipped with the finest equivalent topology has a finest equivalent topology. These facts play a very important role in extending topological Morita dualities to linearly topologized modules.
In the fourth section we perform this extension of topological Morita duality and prove that a "Pontrjagin type" duality theorem holds for some special class of rings in the sense that every locally linearly compact module is reflexive. This class consists of all topologically noetherian strictly linearly compact rings.
In the fifth section we investigate rings with topologically perfect duality as a generalization of quasi-Frobenius rings and rings with perfect duality.
A word about terminology and notation. Throughout this paper, we consider only associative rings with identity distinct from the zero and unitary modules. By the radical of a ring we always mean its Jacobson radical. For homomorphisms we adopt the following, nonstandard convention, which will facilitate our notation considerably: homomorphisms will be written opposite the scalars. All topological objects are supposed to be Hausdorff. When in a topological context we need to consider an object in its algebraic structure, we indicate this explicitly. We recall that a topological module is said to be linearly topologized if the open submodules form a base of neighbourhoods of zero. A linearly topologized module X is called linearly compact if any finitely solvable system of congruences x = xk (modX,), where the X, are closed submodules of X, is solvable; it is said to be strictly linearly compact if it is an inverse limit of discrete artinian modules with the topology induced by the product topology. A ring is called left or right linearly topologized, linearly compact or strictly linearly compact if it is so as a left or right module, respectively, over itself. We assume familiarity with basic properties of linearly compact and strictly linearly compact modules, as discussed in [5, pp. 236-241, Exercises 14-221 or in (16, 171.
INJECTIVE MODULES
It is well known that injectivity plays a very important role in duality theory. Before developing the general duality theory of linearly topologized modules over linearly topologized rings, in this section we investigate the concept of injective modules: first introduced and discussed by Goldman and Sah in [7] . The definition of injective modules is entirely analogous to the usual one in homological algebra, except that we require the extensibility of maps only for continuous module homomorphisms emanating from open submodules. It will be seen that the notion of injectivity is especially useful if the ring has many open ideals; this we know to be the case for linearly topologized rings. Now we recall the definition of injectivity following Goldman and Sah [7] . Let R be any topological ring. A topological right R-module E is said to be injective if it has the following property: if M is an open submodule of a right R-module X and f: M + E is any continuous R-homomorphism, then S extends to an R-homomorphism from X to E (which is automatically continuous). The basic, formal properties of injective modules can be found in ]7]. Let M be a submodule of a right R-module X. We shall call X an essential extension of M if A4 is open in X and if every nonzero submodule of X has a nonzero intersection with M. X is said to be an itzjective hull of M if X is injective and is at the same time an essential extension of M. It is clear that if M has an injective hull, then it is unique in the obvious sense. In (7, Theorem 3.61 Goldman and Sah proved that every module has an injective hull. Hence the injective hull of a discrete module is obviously discrete too.
In what follows we restrict our investigation to the category P# of all linearly topologized right R-modules as objects and continuous homomorphisms as morphisms, where R is any right linearly topologized ring. In this category injectivity can be defined similarly as in the category of all topological modules and continuous homomorphisms. It is easy to see from the definition that an R-module E in Y8 is injective in YR iff it is injective in the category of all topological right R-modules, and therefore E has the same injective hull in these categories. It is also obvious that all results in [ 7, Sect. 31 can apply to PR. Throughout this section, by modules we always mean linearly topologized right R-modules. PROPOSITION G ker .f: Therefore for K = ((x, r,..., x,r) ] r E I} G 0: E the homomorphism ji K-t E defined by .R:<<-y, r,..., x,r)) = fr is well defined. By Haradi's lemma (cf. [ 12, Lemma 4.1 I), f can be extended to a homomorphism h: 0; E + E. Putting x = h((x, )...) x,)), we have fr = h((x, r ,..., x,r)) = h((x ,,..., x,))r = xr, and hence f can be extended to R. Thus E is injective. Therefore this establishes the connection between discrete injective modules and quasi-injective faithful modules. Now we list some elementary facts we shall need in the sequel. The omitted proofs can be supplied directly from the definitions, as they are done in Kasch [lo, Sects. 3.3, 4.8, 5.81. We denote by Ker(D, C) the set fi ker J where -f runs through all continuous homomorphisms of D into C. A module C is said to be a cogenerator if Ker(X, C) = 0 for each module X, i.e., for any nonzero element m in X there is a continuous homomorphism J X + C with fm # 0. (1) If C is a cogenerator and D is a module with Ker(C, D) = 0, then D is a cogenerator too.
(2) C is a cogenerator iff for an?, modules L, M and every nonzero continuous homomorphism f: L + M, there is a continuous homomorphism g:M-+C withgf#O. PROPOSITION 
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(1) C is a cogenerator.
(2) Every product of copies of C is a cogenerator.
(3) Among products of copies of C there is a cogenerator.
(4) Every module X can be continuously embedded in a product of copies of C endowed with the product topology. (1) R is a topological& noetherian ring.
(2) Every direct sum of discrete injective R-modules endowed with the discrete topology is again injective.
(3) Every direct sum of a countably infinite family of injective hulls of discrete simple modules endowed with the discrete topology is injective.
For any module X, we denote by E(X) the injective huh of X. COROLLARY 1.6. Let R be a topologically noetherian ring and {Mij be a family of discrete modules. Then @ E(M,) endowed with the discrete topology is the injective hull of 0 Mi.
Proof
By Theorem 1.5 the module 0 E(M,) is injective. On the other hand, it is easy to see that @ E(M,) is an essential extension of $? hf,, which implies the validity of the assertion. PROPOSITION [28, Lemma4.31) .
(See Sharpe and Vamos
Let M be a nonzero discrete noetherian module. Then M has a submodule K such that E(K) is indecomposable. COROLLARY 1.8. Let R be a topoiogically noetherian ring and M be a discrete module. Then M has a submodule K such that E(K) is indecomposable.
PH.+MNG?CtiNH
Let us denote the cardinal number of a set X by /X(. Let A4 be an Rmodule and consider its socle So(M), which may be written as a discrete direct sum Oi,, Qi of simple modules Qi. By the Krull-Schmidt-Remak-Azumaya theorem, the cardinal number ]I] depends only on the module M. We shall denote this cardinal number by c(M). Now we have THEOREM 1.9 (See Sharpe and Vimos [28, Theorem 4.41) . Thefollowing statements are equivalent.
(1) R is topologically noetherian.
(2) Every discrete injective module is a direct sum of indecomposable injective modules.
(3) There is a cardinal number k such that every discrete injective module is a direct sum 0 Ei with c(E,) < k for all i. THEOREM 1.10. The following two statements are equivalent.
(1) R is strictly linearb compact with n J" = 0, where J denotes the radical of R.
(2) R is complete and every discrete injective module is a direct sum of injective hulls of simple modules.
ProoJ: (1) * (2). Since R is strictly linearly compact, R is complete. On the other hand, by [l, Satz 31 the ring R is topologically noetherian.
Therefore by Theorem 1.9 every discrete injective module is a direct sum of indecomposable injective modules which have nonzero socles and hence they are injective hulls of simple modules.
(2) * (1). Since R is complete, it suffices to show that R/I is an artinian module for each open right ideal I of R. For this purpose assume indirectly that there is an infinite descending chain I, IJ IZ 2 ..a IJ I of right ideals containing I. Without loss of generality, we may suppose n Ii = I. By Theorem 1.9 the ring R is topologically noetherian and hence W/I) = E(Ql) 0 . . . 0 E(Q,) for certain simple modules Q,,..., Q,: Each IJI has nonzero intersection with Q = Q, + Q, + ... + Q,. Since Q is semisimple of finite length, there must exist an integer k such that (Ii/I) n Q = (I,/I) 1'7 Q for all i > k. This contradicts the fact n (Ii/I) = 0. Hence we conclude that R/I is artinian, i.e., R is strictly linearly compact. By [I] Satz 2 we have 0 7 = 0.
Since every discrete injective module is quasi-injective, the following statement is obvious. THEOREM 1.11. Let E be a discrete injective module and let H denote the endomorphism ring of E. The radical J oJ" H consists of those endomorphisms whose kernels are essential submodules of E. The factor ring H/J is regular and right self-injective. The idempotents can be lifted mod&o J.
THE GENERAL THEORY OF DUALI~
By a famous result of Morita (cf. [ 19, Theorem 1.11) every duality between full subcategories AR, 4 containing R, S of Mod-R and S-Mod, respectively, is equivalent to a duality induced by some bimodule s U, ~ Here Mod-R denotes as usual the category of all right R-modules as objects and homomorphisms as morphisms. and S-Mod is similarly the category of all left S-modules and homomorphisms. In this section we shall deal with a concept of topological Morita duality, which is the starting point for our investigations. DEFINITION 2. Let R and S be a right and left linearly topologized ring, respectively. We denote by 14 and & full subcategories of Mod-R and S-Mod the objects of which are discrete right R-and left S-modules, the right R-module R and the left S-module S, respectively. A duality between dR and ,# induced by some bimodule s U, (and hence lJ, E J&, ,U E +Y) is said to be a topological Morita duality if JR and sJty contain all finitely generated discrete modules and whenever a discrete X E J& (X E &) has a discrete image under the duality functor, then the sub-and factor modules of X belong to AA (&) too. Moreover, if ,& and sA contain all finitely cogenerated discrete modules, then this duality is called a strong topological hIorita duality.
It is easy to see that every morphism of MR(& is a continuous homomorphism too. This observation is very important for our work. Note that a module X is called finitelzl cogenerated if it can be embedded in a finite direct sum of injective hulls of simple modules. For any topological right R-module U, one can define the dual X$ or simply X* of a topological right R-module X with respect to U, to be the set of all continuous homomorphisms of X in U,. If at the same time U, is a bimodule sU, for some topological ring S, then X* becomes obviously an untopologized ieft S-module in the traditional way. In general, X* is not a topological left Smodule; but for some R, S and s U, , the left S-module X" should be thought of as carrying some topology, to be specified later. Analogously, one cas define the dual X* of a topological left S-module X with respect to a topological left S-module sU. In what follows, we mean by annA the set of all elements in A4 which are annihilated by each element of L with respect to PH+MNG?C/iNH a multiplication under consideration. As a first step, we prove some preparatory statements. The following assertion is an obvious consequence of the definition of cogenerator. Then for any linearly topologized right R-module X, the following are equivalent.
(1) X is linearly compact.
(2) X is reflexive (i.e., the evaluation map X-+ Hom,(X*, sU> is an algebraic isomorphism) and s U is an X*-injective left S-module (i.e., if g: M-+ &l is any homomorphism from a submodule A4 of X", then g can be extended to Xx).
ProoJ
(1) 3 (2) . Since U, is a cogenerator, the evaluation map is obviously injective, and hence we can consider X as a submodule of Hom,(X*, s U). If f,,...? f,l are finitely many elements of .X*, then the submodule K = {( f,x ,..., f x) 1 x E X) of 0; U,, as a continuous image of n the linearly compact module X, is losed. For an arbitrary element g E Hom,W*, s U) we obtain (fi g,..., f,, g) E K. Otherwise there would exist a continuous map S = 0: Si: 0: U, + U, with SK = 0, s( f, g ,..., f, g) # 0, because U, is a cogenerator.
Then si E Hom,(U, , 17,) = S and 0 = C si(Ax) = (C s;J;:)x for all x E X, i.e., C siJ;-= 0. Thus o+;ssi("&g)= (LSl I 5-.f.)g = 0, a contradiction. This implies that for each n-We (f, ,..., f,) th ere exists an element xf ,,..,, f, such that JJ g = fix, ,.,., f or, in other words, the system of congruences x =x,. (mod arm, f) f E X$ is finitely solvable. Hence by the linear compactness of X this sytem is solvable. For a solution x, we have .x -,ufE ann,f, i.e., f (x -xf) = fx -JY~ = fx -fg = 0 for each f E X*, from which we obtain g = x, and therefore X is reflexive.
Ifg:M-+ ,U is any homomorphism from a submodule M of X*, one can see similarly as above that there exists an element x E X such that fg = jk for all f~ M. This fact show that g can be extended to X*.
(2) + (1). For any finitely solvable system of congruences x = X~ (modX,), where the X, are closed submodules of X, the map is well defined. By assumption we have a homomorphisms x in Hom,(X*, s U) = X which extends g and therefore x -xk E annx arm,, X, = X, by Proposition 2.1 and consequently X is linearly compact.
Remark. It is clear from the proof that this theorem remains true if w-e replace S by the ring S' of all continuous endomorphisms of U, (which is Uz). Moreover, if we endow S', X, ,,U with a suitable topology so that the evaluation map X+ X* * is well defined, then one can see as above that if X is linearly compact, then X = X" *. PROPOSITION 2.3. Let R and S he topological rings and sU, be a topological S-R-bimodule (i.e., the multiplication S x U x A -+ U is continuous). brfor a closed submodule X0 of a topological right R-module X the evaluation maps X-t Hom,(X*, s.U), X/X,--t Hom,((X/X,)*, sU) are isomorphisms, then X0 = annx arm,= X0 = X;
holds. The corresponding statement holds for left S-modules.
Proof. Clearly X0 L Xl,. If x,, E X\X, , then x0 + X0 is a nonzero element of X/X,, , i.e., we have an element fE (X/X,,) * and hence an element f E X* with fx,, # 0, fx, = 0, i.e., x0 6Z Xh, thus X0 = Xi,, isomorphic to R/Z. Hence ZJ, is a cogenerator. Analogously one can see that S, too, is an injective cogenerator.
The equalities S = Hom,(U,, U,), R = Hom,(,U, sU) are clear. Conversely, let X be a discrete module the dual X* of which is discrete. Assume that X=X* *. Since X,, = annx arm,, X0 for each submodule X0 of X by Proposition 2.1, we have X,, = (X*/arm,, X0)* and it is obvious that X$ = X*/arm,, X0. Thus we obtain X0 =X$ *. Since (XIX,)* = ann,*X, and (arm,, X0)* = X**/ann,.,, arm,, X0 = XIX,, we have also X/X0 = (XIX,)**.
If now X is a finitely generated discrete right R-module, then we have a topological isomorphism f: (0 R)/ker f --f X: where ker f is open in the finite direct sum @ R endowed with the product topology. Since 0 R is obviously reflexive and ker f = arm@,, anno,, ker f = annBR anngrc ker f by Proposition 2.1, we have ((0 R)/kerfl* = annaL, ker f, which is discrete too. Consequently (annaa ker J)* = (0 R)/annOR arm,, kerf= (0 R)/kerf. from which it follows that X is reflexive. Similarly we can prove that every finitely generated discrete left S-module is reflexive. This implies that sU, induces a topological Morita duality for R and S.
The following theorem yields an external characterization of linear compactness. THEOREM 2.5. A right linearly topologized ring possesses a topological Morita duality iff it is linearly compact. Moreover, if a ring R is right linearly compact and U, is a discrete injective cogenerator which is an essential extension of its socle, then U, induces a topological Morita duality for R and S where S is Hom,(U, , U,> endowed with the weak * topology.
Proof.
The necessity is a direct consequence. of Theorem 2.2 and Theorem 2.4.
Conversely, let U, denote some discrete injective cogenerator which is an essential extension of its socle. There does exist such a U,; for instance, we can choose U, as the injective hull of a direct sum of simple discrete right Rmodules incorporating all isomorphism types. Let S be the endomorphism ring of all algebraic endomorphisms of U, equipped with the weak * topology. It is easy to verify that U becomes a discrete S-R-bimodule. By Theorem 2.4 it suffices to see that ,U is an injective cogenerator. Since every finitely generated submodule M of U, is linearly compact, by Theorem 2.2 every homomorphism f of a submodule of M* = S/ann,M into ,U can be extended to S; i.e., ,U is injective. To show that ,U is a cogenerator, consider an arbitrary maximal proper open left ideal L of S. Since L is open, there are finitely many elements Us,..., u,, of U such that L 2 ann,(u,,..., un) and thus ann,L c an+ann,(u,,..., u,) = u,R + ... + u,R, because U, is a discrete injective cogenerator. By assumption u, R + ... + u, R is a finitely cogenerated linearly compact module in the discrete topology. Hence if ann,L = 0, then there exist by [21, Lemma 2] finitely many elements I, ,..., I,c of L with n: ker li = ann,,(l, ,..., Ik) = 0. Now we define a map from ((1 r u,..., I,u) ( u E U} onto U, by the assignment (11 u,..., I,u) ++ u. It is easy to prove that this map is well defined. Since U, is injective, this map can be extended to a map s = 0: si: 0: U, + U, and consequently we have u = ~(2, u ,..., &u) = (r s,lJu, i.e., 1 = r s,l, E L, a contradiction. This ensures arm,. L z 0 and for 0 # u E ann,L we have Su z S/L, from which it follows that ,U is a cogenerator.
As an application we have a new proof of the following result of Leptin (cf. [16, Satz 131 ). COROLLARY 2.6. Every linearly compacl semisimple ring R is a direct product of endomorphism rings of vector spaces over division rings and each product of this kind is linearly compact in a suitable topolog?.
Proof. First we show that the intersection I of the annihilators of ail simple discrete right R-modules is zero. Otherwise I contains an element x which is not right quasi-regular. Since R is linearly compact: the right ideal Since R is linearly compact, it follows clearly that R is linearly compact in the weak * topology with respect to U, too. On the other hand, it is not hard to verify that Hom,(U, , U,) = S is a direct product of division rings and li, is an injective cogenerator. Then by Theorem 2.5 we have that R = Horn&U, $7) is a direct product of endomorphism rings of vector spaces over division rings.
Conversely, let S be a direct product of division rings Di endowed with the product topology and Vi be a vector space over Di for each i. Then S is obviously linearly compact and @ Vi is a discrete injective cogenerator. Being a direct product of endomorphism rings of vector spaces, Hom,(@ V,, 0 Vi) endowed with the weak * topology is then linearly compact from the proof of the above theorem. COROLLARY 
A linearly compact ring is primitive
ifl it is an endomorphism ring of vector space over division ring.
The next corollary is a direct consequence of Theorems I. 11 and 2.5. COROLLARY 2.8. If R is a linearly compact ring, then the idempotents modulo its radical can be lifted.
PHs+M NG?C ANH Remark. In his paper [18] Leptin raised the problem of describing linearly compact primary rings (a ring is called primary if its factor ring by the radical is primitive). The way he suggested was to characterize them as being isomorphic both in the algebraic and the topological sense to matrix rings over local rings. Here the size of matrices should depend on that of the factor by the radical; whether it is a sum of finitely or infinitely many minimal one-sided ideals. He considered the case when the ring is strictly linearly compact and showed that it is then a matrix ring over a local ring. Considering, in the opoosite way, a matrix ring over a linearly compact ring, his method enabled the treatment of matrices of infinite size only and proved that such a ring is linearly compact iff the ground ring is strictly linearly compact, and then the matrix ring itself turns out to be strictly linearly compact. Now we can settle the case of matrices of finite size; this corresponds to those primary rings in which the factor by the radical is a simple artinian ring. In fact, it follows from Corollary 2.8 in the usual way that a linearly compact ring with such a factor (by the radical) is necessarily a matrix ring over a local ring (these matrix rings need not be strictly linearly compact). Thus, we make Leptin's theory on linearly compact primary rings complete if we give the answer to Leptin's question of whether there exists a linearly compact primary ring which is not strictly linearly compact, and then the factor by the radical must be a ring of infinite size. To give the affirmative answer for this question, consider the ring P of p-adic integers, which can be considered as the full endomorphism ring of the quasicyclic group C(pm), and denote its additive group by P+, On the group P+ 0 C(P") we can introduce a multiplication by putting (p, + c,)(p, + c,)=p,p, + (p,c, +p*c,). One can prove that with this multiplication P ' @ C( p") becomes a self-injective, commutative, local, linearly compact ring K in the discrete topology which is not strictly linearly compact. Now let Q be a direct sum of infinitely many copies of K/J(K) and denote by U the injective hull of Q. From Theorem 2.5 we deduce that R = End, (U,) is a linearly compact primary ring the factor of which by its radical is a ring of infinite size. Let e be any primitive idempotent of R, one can verify that eRe is isomorphic to K. This shows that R cannot be strictly linearly compact. Therefore Leptin's problem is completely solved. PROPOSITION 2.9. If a discrete bimodule sU, induces a topological Morita duality, then sl-7, is an essential extension of its socle on both sides.
ProoJ
By symmetry it is enough to prove the statement for lJ,:If u is an arbitrary nonzero element of U,, then (uR)* z S/arm, U. This implies that there exists a proper maximal left ideal L of S containing annS U. By L = annS ann,L we have arm" L # 0. Since ann,L c uR, it suffices to see that ann,L is simple, but this is obvious. Hence U, is an essential extension of its socle. Now we have the following characterization. (2) The injectitle hulls of simple discrete right R-modules are linearly compact.
Proof. Necessity. R is linearly compact by Theorem 2.5. If e is any primitive idempotent of R, then ,U = $J( 1 -e) @ JJe. One can see as in the proof of Proposition 2.9 that ,Ue is an essential extension of its socle. Since e is a primitive idempotent, sue is the injective hull of a simple discrete left S-module. By assumption ,Ue is reflexive and hence the dual (&e)* is a discrete right R-module. This implies that ann,(,Ue) = (1 -e)R is open in R. By Theorem 2.2 the injective hulls of discrete simple right R-modules are linearly compact.
Sufficiency. Let U, be a discrete injective cogenerator which is an essential extension of its socle. Let S be the endomorphism ring of U,, and endow S with the topology whose base of open neighbourhoods of zero consists of the annihilators of the linearly compact submodules of UR ~ Similarly as in the proof of Theorem 2.5, one can prove that sU, induces a topological Morita duality for R and S. Now let Ui be the injective hull of some discrete simple left S-module; then Ui is s direct summand of U. We prove that Ui is linearly compact. One can see that the dual of Ui is eR for the primitive idempotent e of R defined by e(u) = ui, where u = ui + ui is the canonical form of u in the decomposition U = Uj @ Vi. From the assumption we deduce that eR is a discrete right R-module. This shows that the dual of eR is Ui. Therefore Ut is reflexive and hence by Theorem 2,2 we have that Ui is linearly compact. By the definition of the topology on S we have that S( 1 -f ) is an open left ideal of S for each primitive idempotent S of S. Thus to complete the proof, it is enough to see that every finitely cogenerated module is reflexive. Since the injective hulls of discrete simpie modules are linearly compact, each finitely cogenerated discrete moduie X is linearly compact, hence its dual is discrete too and X is reflexive by Theorem 2.2.
PH.$M NG?C .+iNH
EQUIVALENCE OF LINEAR TOPOLOGIES
The importance of equivalence of linear topologies in the duality theory for linearly topologized modules was noticed by Miiller [22] , who proved that every usual Morita duality can be extended to a duality for linearly topologized modules. Moreover, if we have to identify those topologies on a module which have the same submodules closed, then all linearly topologized modules become reflexive. In this section we give some preparations which we shall need in the extension of topological Morita dualities to linearly topologized modules.
Recall from Miiller [22, p. 651 that two linearly topologized modules are called equivazent if the underlying abstract modules are identical and if the topologies make the same submodules closed. In this case we shall also say that the considered two linear topologies (on the same abstract module) are equivalent. A submodule M of a module X is called sheltered in the terminology of Bourbaki (cf. [5, p. 2381 ; completely meet-irreducible in Miller [22, p. 641 [22, p. 651 ). We do not expect this to hold in general, but we shall prove it for linearly compact rings. This will be done in several steps. As a first step, we prove the following statement, which is an obvious consequence of Kurke [ 11, 2.5.2 . Satz]. However, his proof is not correct; therefore we present here a proof, too. ProoJ Let R be a right linearly compact ring. We prove that the system of those closed right ideals of R for which every right ideal containing them is closed is a filter base. For this purpose let I, and I, be two closed right ideals of R with this property, and I be any right ideal of R containing I, n I,. Since (1, + 1,)/I, E I,/(I, nI,) holds both in the algebraic and the topological sense, we have that each right ideal of R lying between I, n lrz and I, is closed. Therefore I f-7 I, is closed. On the other hand, we have the algebraic isomorphism (I+ 12)/12 z r/(1 n I>). Since every submodule of the linearly topologized right R-module (1+1,)/I, is closed by assumption, we have that I/(Zn 1,) is linearly compact. Thus 1 is a linearly compact Rmodule and hence it is closed in R. Now it is easy to see that the filter base defined above generates a finest equivalent right linear topology on R, and with this topology R is a right linearly compact ring. PROPOSITION 3.2. Let R be a right linearly compact ring and U, be a discrete injective module which is an essential extension of its socle. If we equip R with a finest equivalent topology, then UR is a discrete injective right R-module too.
Proof. U, is obviously discrete if we equip R with the finest equivalent topology. Consider a homomorphism f from a right ideal I of R into U, such that ker f is open in the finest equivalent topology on R. This implies that the image f(1) is a linearly compact submodule of U, in the discrete tpology. One can easily verify that f(1) is an essential extension of its socle and hence it is finitely cogenerated, from which it follows that kerJ is a is an open sheltered submodule of X, i.e., the abstract dual XG depends only on the equivalence class of X. If X is a linearly topologized left S-module, then the dual X* of X is the usual one; i.e., X* is the right R-module of all continuous homomorphisms of X into the discrete left S-module $J. Similarly one can see that ,U endowed with the Leptintopology equivalent to the discrete topology is an injective cogenerator too. Hence for a linearly topologized left S-module X, the notation X% has the same sense as in the case of linearly topologized right R-modules. DEFINITION 3. By the annihilator topology on the dual of a module X we mean that topology for which the annihilators of the linearly compact submodules of X form a base of open neighbourhoods of zero.
One can prove that with this topology the dual of X is a topological module and hence the notations X5*, X5%, X*$ are clear for every linearly topologized module X. PROPOSITION 
The evaluation map w: X + Xs * is an open
isomorphism for each linearly topologized module X if we endow the duals with the annihilator topology.
Proof: By symmetry we can assume that X is a right R-module. The evaluation map w: X -+ X% * is obviously well defined. Since JJ, is a cogenerator on both sides, o is clearly injective and we can consider X as a submodule of X%*. If X is linearly compact, then one can see similarly as in the proof of Theorem 2.2 that X=X %* holds. If now X is any linearly i.e., annxi L is linearly compact. This completes the proof. PROPOSITION 3.5. Let L be a submodule of X. Then L is closed @w(L) is closed and hence L is linearly compact ifj cci(Lj is linearly compact provided that the topology on the duals is the annihilator topology.
Proof. By symmetry we can suppose that X is a right R-module. Since LO is open, w(L) is closed if L is also. Assume now that w(L) is closed". For each x,, t$ w(L) there is an element fE X%* * =X$ with fxO # 0, fz = 0.
This shows that x0 cannot be a point of the closure of L in X, and hence L is closed in X.
As an application of Propositions 3.4 and 3.5 we can prove that every linearly topologized module over a linearly compact ring endowed with the finest equivalent topology has a finest equivalent topology. COROLLARY 3.6. Every linearly topologized right R-module X has a finest equivalent topology. Moreover, if L is a closed submodule of X such that each submodule of X containing L is closed, then L is open in the fines: equivalent topology).
ProoJ If the duals carry the annihilator topologies, then the topology on Xx* =X is finer than the original one on X by Proposition 3.4. By Proposition 3.5 the annihilator topology on XS * = X is equivalent to that on X. Now for any open submodule L of the quivalence class on X we have seen in Proposition 3.4 that annxF L is linearly compact, from which we obtain that L is open in the annihilator topology on X%* =X. If L is now a closed submodule of X such that each submodule of X containing L is closed, then arm,, L as the dual (X/L)% of the module X/L is linearly compact, because (X/L)% can be considered as the dual of the discrete module X/L and it is routine to prove that the duals of discrete modules are linearly compact. This ensures that L is open in the finest equiva!ent topology.
Analogously to Propositions 3.4 and 3.5 one can show PROPOSITION 3.7. The evaluation map ax X --$ X** is an open isomorphism if we endow the dual X* with the annihilator topology. Moreover, the annihilator topology on X ** = X and the given topologji are equivalent. PROPOSITION 3.8. The evaluation map W: X+X** is a continuous isomorphism if we endow the dual X* with the weak * topology. Moreover, the weak * topology on X* * = X and the given topology are equivalent.
Remark.
In general, the dual X* of a module X with a linear topology r depends on r, i.e., one can construct two equivalent topologies r and t' on X such that (X, r)* does not equal (X, r)*, in other words, (X, r)* is not an invariant of the equivalence class of r.
EXTENSIONS OF TOPOLOGICAL MORITA DUALITIES
In the sequel we shall show how an arbitrary topological Morita duality can be extended to a duality for linearly topologized modules. As we have seen, a major difficulty is the choice of the topology on the dual X* and, in general, no optimal choice seems to exist. Now the ambiguity in the choice of the topology on the dual X* turns out to be an essential feature of the theory: if we "identify" those topologies on the dual X* which have the same submodules closed and which lie between the weak * topology and the annihilator topology, then all linearly topologized modules become reflexive and the ambiguity vanishes completely.
In the second part of this section we are going to develop a topological duality theory which reduces to the theories of Lefschetz [ 131, Kaplansky [9] , Leptin [ 171, and MacDonald [ 181 for appropriate restrictions of the class of linearly compact rings.
For the rest of this section we consider a pair of right and left linearly compact rings R and S, respectively, endowed with the finest equivalent topology, possessing a topological Morita duality induced by a discrete bimodule sUR. The following statement is obvious. PROPOSITION 4.1. The evaluation map ox X-t X* * is defined iff X" carries a linear topology which is finer than or equal to the weak * topology, and in this case w is injective.
Note that the weak * topology on R (which is the dual ,U* of sU) is clearly the equivalent Leptin-topology, but this is not true for every module. For example, the weak * topology on ,U (which is the dual of RR) is the discrete topology which is in general not the equivalent Leptin-topology. Now we show that arm, M is a linearly compact submodule of X. For, to each finitely solvable system of congruences x s xk (mod X,), where the X, are closed submodules of annx &I, the map is well defined. Here C arm,, X, is open because it contains M. Thus X can be extended to x: X* --f U and hence we have x E X"" =X, x -xk E annx annx* X, = X,; i.e., annx it4 is linearly compact. Therefore M is open in the annihilator topology. Together with Proposition 4.1 we obtain that the given topology on X* lies between the weak * topology and the annihilator topology.
Conversely, assume that the topology on X-* lies between the weak :k topology and the annihilator topology. By Proposition 4.1 the evaluation map w: X+ X* * is defined. If X is linearly compact, it is routine to verify that X = X* *. If now f is an arbitrary element of X* *, then ker f is open. By the assumption there is a linearly compact submodule M of X such that arm,, MS ker f holds. This shows that fE (X*/arm,,. M)*. On the other hand, it is clear that Al* zX*/ann,.
M and by the above (X*/arm,, M)" = M, i.e., fE ME X. Thus o is an algebraic isomorphism, which completes the proof.
In view of Proposition 4.2, we shall consider the dual X" equipped with a topology lying between the weak * topology and the annihi!ator topology. We identify the underlying abstract modules X and X** by means of the evaluation isomorphism. The next theorem says that every linearly topologized module is reflexive up to equivalence in the sense that the given topology on X=X** is lying between the weak * topology and the annihilator topology induced by X*. Proof. Our statement is a direct consequence of Propositions 3.1, 3.8, and 4.2.
The following assertion is also clear. 
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In the last part of this section we always mean by R a right strictly linearly compact ring such that J"(R) = 0. By Theorem 1.10 this condition is equivalent to the condition that R is topologically noetherian. If now U, is a discrete injective cogenerator which is an essential extension of its socle, then $, induces a topological Morita duality for R and S where we equip R and S = Hom,( U, , U,) with the equivalent Leptin-topologies. Similarly we get ann,J"(R) 2 ann,J"(S); i.e., they are equal. Extending the terminology of MacDonald [ 181, we introduce the following notions. DEFINITION 4. Let X be a linearly topologized right R-module (left Smodule). We say that X is separated if n xJ"o= 0 (or 0 J"(sw= 0), where x denotes the closure of a subset of A of some topological space. X is said to be primary if each element of X is annihilated by a power of the radical. X is semi-discrete if the given topology on X is equivalent to the discrete topology. X is linearly discrete if X is semi-discrete and every primary factor module of X is discrete.
The proof of the following assertion will be omitted, since it can be found essentially in [3, Lemmas 7, 81. ProoA By symmetry one can assume that X is a discrete linearly compact separated right R-module. Since X is a discrete module, we have that X is an essential extension of its socle Q. Since X is linearly compact in the discrete topology, Q is of finite length. This shows that X may carry only the discrete topology and hence by [ 17, (1.8 j] it is an artinian module. Therefore we have XJ"(R) = 0 for some integer n, because X is separated. From this fact, one can deduce that X is a noetherian module, i.e., X is of finite length. Consider now the system of annihilators of linearly compact separated submodules of X as a base of open neighbourhoods of zero in X", then X* is a linearly topologized module. Indeed, consider any element fE X* and a linearly compact separated submodule M of X where one can assume without lost of generality that X is a right R-module. For N = M f? ker ji the factor module M/N is separated and linearly compact in the discrete topology. Hence M/N is finitely generated by Proposition 4.7. Let x1,..., x, be elements of M such that their images at the natural map M-t&J/N generate M/N. Putting ui = jki, i = l,..., n, we have immediately anns(ui ,..., u,) jZM= 0; i.e., X* is in fact linearly topologized. In following by X* we mean always a dual X* endowed with the above topology.
As a direct consequence of Proposition 4.2 we have that the evaluation mapw:X-+X** is an algebraic isomorphism for all linearly topologized modules X. The proof of the next assertion may be omitted, since it can be found in a modified form of the proof of Theorem 2.2. PROPOSITION 4.8 . If X is linearly discrete, then X* is linearly compact. PROPOSITION 4.9. The dual X" of a linear& compact separated module X is discrete and vice versa. Proox By the definition, X* is obviously discrete if X is linearly compact and separated.
Conversely, for example if X is a discrete right R-module, then the linearly compact separated submodules of X are precisely the finitely generated submodules. Since every discrete module is primary, for each x E X we have x.Jk(R) = 0 for some integer k. This shows that for each fE X*, J;&(R) = 0, i.e., JY E ann,Jk(R) = ann,J'((S). Now for every element g E 0 J"(S) X*and for every element x E X we obtain gx = sjx for some fE X* and s EJk(S) and hence it follows gx = 0. Therefore g= 0 and thus X* is separated.
Also, it is routine to verify that X* is linearly compact. Proof Let L be an open submodule of X, then it is easy to prove that arm,, L is algebraically and topologically isomorphic to the dual of the discrete module X/L which is linearly compact and separated by Proposition 4.9. Thus L = annx ann,. L is open in X**. DEFINITION 5 . A linearly topologized module X is called locally linearly compact if X has a linearly compact submodule L such that X/L is linearly discrete. Now we can prove THEOREM 4.11 ("Pontrjagin type" Duality Theorem). The dual X* of a local& linearly compact module X is again locally linearly compact; in particular, X* is linearly compact (linearly discrete) ifX is linearly discrete (linearly compact). Moreover, for each locally linearly compact module X the evaluation map w: X + X" * is a topological isomorphism.
ProoJ: Let L be a linearly compact submodule of X such that X/L is linearly discrete. By Proposition 4.8 we have that arm,, L is linearly compact, being the dual of the linearly discrete module X/L. We show now that X*/arm,, L, which is the dual of L, is linearly discrete. In other words, we are going to prove that the dual X* of a linearly compact module X is linearly discrete. By Proposition 4.2 we obtain that X* is semidiscrete. Now let M be a submodule of X* such that x"/M is primary. Since annx M is a closed submodule of X, annx M = annx** A4 is linearly compact. On the other hand, X*/M is primary, from which we can deduce as in Proposition 4.9 that arm,,, M is separated. Therefore we have that M = arm,, arm,,, M is open, i.e., X*/M is discrete. Hence the dual of a locally linearly compact module is again locally linearly compact.
To complete the proof, we show that the evaluation map u: X -+ X" * is a topological isomorphism provided that X is locally linearly compact. For this end it suffices to see that if 111 is any open submodule of X* *, then M is that of X. By the Weak Duality Theorem we have that M + L/M is linearly compact, primary and semidiscrete. Therefore, similarly as in the proof of Remark. The above theory generalizes those of Lefschetz, Kaplansky, Leptin and MacDonald, which are obtained from here by special choices of R, S and JJ,. Namely, if R = S = slJR = K is a division ring, then we get the classical duality theory of Lefschetz for locally linearly compact vector spaces. If R = S is a maximal valuation ring or, more generally, R = S is a commutative complete local noetherian ring and U is the minimal cogenerator, then we have the duality theories of Kaplansky [9] , Leptin [ 171, and MacDonald [ 181, respectively. If now K is any division ring and U is a vector space (of arbitrary dimension) over K, then by the above theorem we establish the duality between the category of vector spaces and the category of linearly compact R-modules, where R = Hom,(U, U). From this we obtain the well-known result of Leptin that every linearly compact right Rmodule over a right linearly compact semisimple ring R is a direct product of simple modules each of which is isomorphic to a minimal right ideal of R.
Finally, we make some remarks about the connection between our theory and the Pontrjagin duality theory of abelian groups. Similarly to [3; Lemma 14j one can show that if R/J(R) is compact, then R is a compact ring. On the other hand, we can prove that a topological module X over a compact ring is compact iff it is linearly compact and separated (cf. [3, Lemma 161 ). Now assume that R and S are compact, then the dua! of locally compact modules are again locally compact. The proof of the following theorem can be omitted since it runs analogously to that of Theorem 18 in 131. THEOREM 4.12. Let R be a compact ring such that Rjs' is a*finite,fieid. Assume that R possesses a topological Morita duality with itself induced bjj the discrete bimodule sU, which is the minimal cogenerator on both sides. Then for euery locally compact module X the character group char X ofX can be considered as an R-module and there exists a topological isomorphism between X* arzd char X.
RINGS WITH TOPOLOGICALLY PERFECT DUALITY
As is well known, topological Morita duality between categories -& and +?' is always induced by some bimodule ,iJ,. This sUk can be equal to R or S, and then we must have R = S = sU, in the algebraic sense. Throughout this section, we shall investigate this situation under the assumption that the topologies on R and S (which equals R algebraically) are equal and complete. In this case we say that R is a ring with topologically perfect duality. This name originates in Kasch is discrete as a subset of R as well as an R-module for any open one-sided ideal L of R. Since in this section we investigate only the case when .R = S, we introduce a simplified notation. In this section R denotes always a complete linearly topologized ring which has a base of open neighbourhoods of zero consisting of two-sided ideals, if we do not otherwise say. By a linearly compact ring we shall mean one which is such on both sides. If X is any nonvoid subset of R, we denote by Z(X) and r(X) the left and the right annihilating set of X, respectively. Let ,U and iJ, be the set of all elements of R which are annihilated by some open ideal on left and right, respectively. It is clear from what has been said above that RUR is a discrete bimodule, but U as a subset of R is not in general discrete in the topology induced by R. By the definition we have that V/W, as a factor module of a reflexive module V, is reflexive. Hence it follows (V/W'),* = Z( JV)/kerf = L/ker f and therefore tie obtain (L/kerf )z = V/W, from which we get that f can be extended to U. If now V = R or Y= U, then we have V = R = U and ker f = 0. This implies Li = V/W and if L #R, then L is obviously reflexive. This implies that in this casef can be extended to R too. Therefore we get that RU is injective. Since R/L is reflexive for each open maximal left ideal L, the dual (R/L): is not zero. This shows that there exists a submodule of RU which is isomorphic to R/L and hence RU is a cogenerator.
Similarly'we have that U, is also an injective cogenerator.
To complete the proof, consider the map p: R -+ Hom,(,U, JJ) defined by rER++p(r)EHom,bU,.U):uEUt-+ur. 9 is obviously a ring homomorphism.
If p(r) =O, then Ut =0 and hence or=Rr=O. This implies that p is injective. Let now f be any element of Hom,(,U, RU). Then f defines the map fk = f/ Z(1,J: /(I,) -+ R U for each Ik . Since (I@,)) * = R/I,, we have an element ck E R with r& = rck for each r E Z(I,). Since R is complete, for the element c E r) (ck + Ik) we have rc = rf for all r E R. This shows that q is surjective and hence it is an isomorphism. Analogously one can see that R = Hom,(U,, U,). Proof. The necessity is obvious from the above. Conversely, assume that R is a linearly compact dual ring. By symmetry and by Theorem 5.5 it PH.+M NG?C ANH s&ices to prove that RR is an injective cogenerator. Let L be any maximal open left ideal of R. Since R is a dual ring, r(L) is not zero. For c E r(L) we have a map f: R/L -+ R defined by (r f L)f = rc, which is well defined. By (1 +L)f=c#O we have (R/L)f z R/L. Therefore R contains all isomorphism types of simple discrete left R-modules. Hence to finish the proof, we have to show that RR is injective. Instead of this we prove a sharper statement. Namely, we show that the left R-module R is an algebraic injective module. Let L be an arbitrary finitely generated right ideal of R. Since R is linearly compact, L is closed, and hence we have b-(L) = L. If now L, and L, are two closed left ideals of R, then we have L, fI L, = Zr(L, f-7 L2) = Z(r(L,) + r(L?)) = Zr(L,) f? Zr(L,), from which it follows r(L, n L2) = r(lr(L, n L?)) = rZ(r(L,) + r(L?)) = r(L,) + r(Lz). Now similarly as in [ 10, 12.4.2 . Satz (b)], one can see that for any homomorphism f: L --f R from a finitely generated left ideal L in R, there exists an element c with rf = rc for all r E L. To see that RR is injective, consider a homomorphism f: L --f R, where L is any left ideal of R. As we have seen above, for each tinitely generated submodule C, of L there exists an element ck such that rf = rck for all r E C,. Since R is linearly compact, the linitely solvable system c E ck (mod annR C,) is solvable. If c is any solution, then we have f= rc for all r E L; hence RR is injective by Bear's lemma. Recall that a ring is said to be a ring with perfect duality if RR and R, are cogenerators (Kasch [ 10, 12.1.2. Definition]). COROLLARY 5.9. A ring is a ring with perfect duatity I@ it is a dual ring which is linearly compact in the discrete topology. COROLLARY 5.10. R is a ring with topologically perfect duality iff it is algebraically injective on both sides and every discrete simple R-module is topologically isomorphic to some one-sided ideal of R. COROLLARY 5.11. If a ring with topologically perfect duality has open radical, then it is a ring with perfect duality.
Before we give some more detailed information about linearly compact dual rings, we make some preparations. Recall that a system of orthogonal idempotents e, in a topological ring is called complete if it is summable and 1 =Ce,. then R cannot be topologically isomorphic to a direct sum C e,R, otherwise R would be a linearly compact matrix ring of infinite size over a local linearly compact ring (which is not strictly linearly compact), a contradiction. By Theorem 5.13, similarly to Leptin ] 17, Sect. 4]? one can deduce that every summable system of orthogonal idempotents in R/J, where R is a right linearly compact ring with a base of open neighbourhoods of zero consisting of two-sided ideals, can be lifted to a summable system of orthogonal idempotents in R.
After the above preparation we return to the investigation of the structure of a linearly compact dual ring R. It is well known that R/J is a direct product of matrix rings Ri over division rings. Let Ei be the identity of RI. Then for every i we have orthogonal primitive idempotents c?, (i = i,..., n,:l with Ei = xj Fij. From the above there is in R a complete system of orthogonal primitive idempotents e, with eij + J = c?,. For each i we denote by Ei the finite direct sum Cjeij.
Let & = 1 -eu, Fi = 1 -Ei. The following assertion gives some informations about linearly compact dual rings. PROPOSXTION 
5.14.
For any linearly compact dual ring R the following hold.
(1) Every minimal left ideal can be expressed in the form I(J) eij for some i, j and every l(J) eij is a minimal left ideal.
(2) Every? minimal right ideal can be expressed in the form eijr(J) and every such right ideal is minimal.
(3) Every minimal ideal can be e,upressed in the form Eir(J) = I(J) Ei, for some i, i'. Conversely, for each i there are i' and i" such that E,r(J) = I(J) E,,, Z(J) Ei = Eir,r(J) and these are minimal ideals of R.
The proof can be omitted since it runs analogously to that of Proposition 4.4 in [23] .
We do not know whether every ring R with topologically perfect duality is a direct product (endowed with the product topology) of rings with perfect duality. Notice that such products are rings with topologically perfect duality. If we suppose that R is commutative, then R is a direct product of local rings. Since these local rings are dual rings, they are subdirectly irreducible and hence are discrete. This shows that in the commutative case the answer is affirmative.
Finally we shall deal with a topological generalization of quasi-Frobenius rings. A ring is said to be topologically quasi-Frobenius if it is topologically artinian, i.e., it is the inverse limit with the limit topology of two-sided artinian rings and it has a topologically perfect duality. The following two theorems are analogous to some characterizations of quasi-Frobenius rings in [IO]. THEOREM 5.15. Let R be a topologically artinian ring. The following statements are equivalent.
(1) R is a topologicallq quasi-Frobenius ring.
(2) The duals of discrete simple R-modules are simple, and if e E R is any primitive idempotent, then eR and Re are discrete.
(3) For everyflnitely generated discrete R-module X, the length of X is equal to the length of X, and if e E R is any primitive idempotent, then eR and Re are discrete.
Note that for a module X with composition series, we denote by 1gX the length of the composition series of X (briefly: the length of X).
Proof Notice that the condition "eR and Re are discrete if e is a primitive idempotent" is an obvious consequence of Proposition 5.6.
(1) + (2). By symmetry it is enough to see that X* is simple if X is a discrete simple left R-module. We obtain a monomorphism f: X+ R, because R is a cogenerator. Hence X* is not zero. Now let 0 #g E X* be any element. We show X* =gR, which implies that X* is simple. In fact, g is injective by the simplicity of X. Since R is injective, for every h E X" there is an element Y E R such that h = gr. Thus X* = gR.
(2) * (1) . It suffices to prove that R is a dual ring. We do this in several steps.
Firstly, we show that if L is any open left ideal of R, then there exists an idempotent e E R such that Re 5 L and Re is open. By symmetry, the corresponding statement holds for open right ideals. Indeed, by the wellknown results of Leptin [ 171, we have a summable system of orthogonal primitive idempotents ei such that R is topologically isomorphic to the direct product C Re;, which implies our statement trivially, because the Rei arc discrete by assumption.
Secondly, we obtain that @4)/r(N) is trivial (i.e., equal to 0) or simple whenever M c N G R are closed left ideals and N/M is simple. In fact, define the map J r(Mj/r(N) + (N/M)* : (n + M) f(r + r(N)) = nr, r E r(M), n E iv.
It is easy to verify that f is well defined and is a monomorphism.
Thus the assertion is a consequence of the condition that (N/M)* is simple. Analogously, the corresponding statement holds for closed right ideals.
Finally It is obvious from the above that Zg(1 -e)R < ZgR(1 -e)" By symmetry we have Zg( 1 -e)R = ZgR( 1 -e) and therefore the above considered series must be a composition series of (1 -e)R. Similarly Zr(L,) < ... < Zr(L,,) must be a composition series between R(1 -e) and R too. Since L, c Zr(Lk), we have Lj = Zr(Lj), i.e., L = h(L). Analogously we obtain L = rZ(L) for every open right ideal L of R. This shows that R is a dual ring.
(1) and (2) + (3). We proceed by induction on the length of X. By ((2) we have ZgX = ZgX if ZgX = 1. Assume that ZgX = ZgX provided ZgX = n. If now ZgX = n + 1 and L is any simple submodule of X, then we have lgX/L = n. On the other hand, by (1) we obtain (X/L)* = ann,. L and hence Zg arm,. L = n. Since X*/arm,, L = L*, we have ZgX*/ann,, L = 1 and thus lgX=n + 1.
Since (2) is a special case of (3), the implication (3) * (2) is obvious.
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The proof of the following theorem will be omitted, being similar to that of 13.4.2. Satz in IlO]. THEOREM 5.16. Let R be a topologically artinian ring. The following assertions are equivalent.
(1) R is a topological& quasi-Frobenius ring.
(2) For each primitive idempotent e in R the one-sided ideals Re and eR are discrete and R satisJies one of the following conditions. At last, we make some remarks on the duality theory of linearly topologized modules over linearly compact dual rings. As shown by the previous results, we have two duality theories in general. Firstly, the elements of R which are annihilated by some open one-sided ideal form a two-sided ideal of R, which is an injective cogenerator with the discrete topology, and hence defines a duality theory by Theorem 5.2. This is the theory developed in Section 4. Secondly, R itself can be considered as an injective cogenerator. Since R is topologically isomorphic to direct products 2 Re, and C e,R as left and right R-modules, respectively, and the modules Rei and e,R are topologically injective and discrete, we have that every continuous homomorphism f: M 5 X-1 R from a closed submodule M of X can be continuously extended to X. With this observation the theory developed in Section 4 Can be modified to this case, and we obtain results which are similar to those in Section 4.
